Abstract. In 2008, Blecher and Labuschagne extended Beurling's classical theorem to H ∞ -invariant subspaces of L p (M, τ ) for a finite von Neumann algebra M with a finite, faithful, normal tracial state τ when 1 ≤ p ≤ ∞. In this paper, using Arveson's non-commutative Hardy space H ∞ in relation to a von Neumann algebra M with a semifinite, faithful, normal tracial weight τ , we prove a Beurling-Blecher-Labuschagne theorem for
Introduction
Let H be an infinite dimensional separable Hilbert space with an orthonormal base {e m } m∈Z , and B(H) be the set of all bounded linear operators on H. Let τ = T r be the usual trace on B(H), i.e.
τ (x) = i∈Z xe m , e m , for all positive x in B(H).
For each 0 < p < ∞, the Schatten p-class S p (H) consists all these elements x in B(H) such that τ (|x| p ) < ∞. It is well-known that S p (H) is a complete metric space (a Banach space when p ≥ 1 and a Hilbert space when p = 2). Moreover, S p (H) is a two sided ideal of B(H). Let A = {x ∈ B(H) : xe m , e n = 0, ∀n < m} be the lower triangular subalgebra of B(H). In the paper, we are interested in answering the following question, which is implicitly asked by McAsey, Muhly and Saito in Example 2.6 of [25] .
Problem 1.1. Given a closed subspace K of the Schatten p-class S p (H) where 0 < p < ∞, such that K satisfies AK ⊆ K, how can we characterize the subspace K?
The answer to Problem 1.1 is closely related to our generalization of the classical Beurling theorem for a Hardy space. Recall the classical Beurling theorem for invariant subspaces as follows. Let T be the unit circle, and let µ be the measure on T such that dµ = 1 2π dθ. Let L ∞ (T, µ) be the commutative von Neumann algebra on T, and define L 2 (T, µ) to be the closure of L ∞ (T, µ) under the · 2 . Then L 2 (T, τ ) is a Hilbert space with orthonormal basis {z n : n ∈ Z}.
Let H 2 = span{z n : n ≥ 0} · 2 ⊆ L 2 ((T, µ) and
If we define M ψ (f ) = ψf for every f ∈ L 2 (T, µ), it is easy to show that L ∞ (T, µ) has a representation onto B(L 2 (T, µ)) by the map ψ → M ψ . Therefore, L ∞ (T, µ) and H ∞ can be assumed to act naturally on L 2 (T, µ) by multiplication on the left (or right). The classical Beurling's theorem, proven in 1949 by A. Beurling in [6] 
(µ).
Then we define L p (T, τ ) to be the closure of L ∞ (T, τ ) under · p , and H p = {f ∈ L p (T, µ) :
T f (e iθ )e inθ dµ(θ) = 0 for n ∈ N} for 1 ≤ p < ∞. Beurling's theorem has been extended for H ∞ -invariant subspaces in Hardy spaces H p for 1 ≤ p ≤ ∞. (See, for example, [8] , [15] , [16] , [17] , [18] , [35] , and others). The classical Beurling's theorem has been extended in many other ways as well.
One such extension comes from the work of D. Blecher and L. Labuschagne in [7] . We recall the construction of L p (M, τ ). Let M be a semifinite von Neumann algebra, and let τ be a faithful, normal tracial weight on M (when τ (I) < ∞, M is finite). Let I be the set of elementary operators in M (when M is finite, I = M). Then define a mapping from I to [0, ∞) by x p = (τ (|x| p )) 1/p for every x ∈ I, and where |x| = √ x * x. It is nontrivial to prove that when 1 ≤ p < ∞, · p defines a norm on I, which we call the p-norm. We may then define L p (M, τ ) = I · p . We let L ∞ (M, τ ) = M, and this space acts naturally on L p (M, τ ) by left (or right) multiplication.
We then recall the definition of Arveson's non-commutative Hardy space from [1] . If M is a von Neumann algebra, with faithful, normal tracial weight τ , let A ⊆ M be a weak* closed subalgebra. Then let D = A ∩ A * be a von Neumann subalgebra of M. Then there exists Φ : M → D, a faithful, normal, trace-preserving conditional expectation, which can be extended to Φ :
Then A is called a non-commutative Hardy space if (1) Φ(xy) = Φ(x)Φ(y) for every x, y ∈ A; (2) A + A * is weak* dense in M; (3) τ (Φ(x)) = τ (x) for every x ∈ M.
Blecher and Labuschagne proved the following theorem for finite von Neumann algebras in [7] . Let M be a finite von Neumann [7] .)Here ⊕ col i u i H p and Z = [ZH ∞ 0 ] p are of type 1, and type 2 respectively (also see [26] for definitions of invariant subspaces of different types).
Examples of finite von Neumann algebras include the spaces M n (C) of all n×n matrices with complex entries when 1 ≤ n < ∞. However, if H is an infinite dimensional separable Hilbert space and we view B(H) as M ∞ (C), the set of all (bounded) ∞ × ∞ matrices with complex entries, then B(H) is a semifinite von Neumann algebra, and no longer satisfies the hypothesis of the Beurling-Blecher-Labuschagne theorem.
In this paper, we therefore consider a version of Blecher and Labuschagne's Beurling's theorem for semifinite von Neumann algebras. We seek to characterize H ∞ -invariant spaces of L p (M, τ ) spaces. Adapting Blecher and Labuschagne's theorem to the semifinite case, we prove the following result: 
7). Let
Here ⊕ row is the row sum of subspaces defined in Definition 2.15.
However, many of the methods used by Blecher and Labuschagne do not apply directly when M is a semifinite von Neumann algebra. Thus, we prove a density theorem for semifinite von Neumann algebras through a series of lemmas and propositions. 
Subsequently, we are able to prove a noncommutative Beurling-Blecher-Labuschagne theorem for the semifinite case when 0 < p < 1. 
Here, we use similar methods to our proof for 1 ≤ p < ∞, including proving a similar density theorem (see Proposition 5.1, Proposition 5.2).
Using theorems 4.6 and 5.4 and corollary 5.5, we are then able to prove a Beurling-BlecherLabuschagne-like theorem for the crossed product of a semifinite von Neumann algebra M by a trace-preserving action α when 0 < p < ∞. We are actually able to fully characterize the H ∞ -invariant subspace of the crossed product.
Theorem 6.3. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight τ , and α be a trace-preserving * -automorphism of M. Denote by M ⋊ α Z the crossed product of M by an action α, and still denote by τ a semifinite, faithful, normal, extended tracial weight on M ⋊ α Z.
Let H ∞ , a weak * -closed nonself-adjoint subalgebra generated by {Λ(n)Ψ(x) : x ∈ M, n ≥ 0} in M ⋊ α Z, be a semifinite subdiagonal subalgebra of M ⋊ α Z. Then the following statements are true.
In [25] , McAsey, Muhly and Saito prove a Beurling's theorem for a crossed product. Suppose M is a finite von Neumann algebra with finite trace τ and α, a trace preserving automorphism of M, such that α fixes each element of the center
This follows from theorem 6.3 when τ is finite, and p = 2.
McAsey, Muhly and Saito's result is a corollary of a result by Nazaki and Watatani in [26] . Suppose M is a finite von Neumann algebra with trace τ , D ⊆ M and a faithful, normal, trace-preserving conditional expectation Φ : M → D. We let H ∞ be a maximal subdiagonal algebra with respect to Φ, and suppose that 
2 with {V n } a family of partial isometries with {V n v * n } is mutually orthonogal. We are also able to prove a Beurling-Blecher-Labuschagne-like theorem for the Schatten pclasses for 0 < p < ∞, as described at the beginning of this section, using theorems 4.6, 5.4 and corollary 5.5. 
Therefore, we are able to answer the question given in problem 1.1 and fully characterize an A-invariant subspace of a Schatten p-class:
The outline of the paper is as follows. In section 2, we discuss preliminary definitions and notations. In section 3, we prove the Beurling-Blecher-Labuschagne theorem for L p (M, τ ) when p = 2, and extend this theorem in section 4 to the case when 1 ≤ p ≤ ∞. We provide several more preliminaries and further extend the Beurling-Blecher-Labuschagne theorem to L p (M, τ ) for 0 < p < 1 in section 5. Finally, in section 6, we discuss some applications of our results on invariant subspaces for analytic crossed products and discuss the results for the Schatten p-class.
Preliminaries and Notation
In this section we give some preliminary definitions and results for non-commutative L p spaces for a von Neumann algebra with a tracial weight. We then discuss Arveson's noncommutative Hardy space.
2.1. Weak * -topology. Let M be a von Neumann algebra with a predual M ♯ . Recall that the weak * -topology σ(M, M ♯ ) on M is a topology on M induced from the predual space M ♯ . The following known result (for example, see Theorem 1.7.8 in [30] ) is useful.
Lemma 2.1. Let M be a von Neumann algebra. If {e λ } λ∈Λ is a net of projections in M such that e λ → I in weak * -topology, then e λ x → x, xe λ → x and e λ xe λ → x in weak * -topology for all x in M.
Semifinite von Neumann Algebras.
We begin with a description of a semifinite von Neumann algebra.
Let M be a von Neumann algebra, and let M + be the positive part of M. Recall that a mapping τ :
A tracial weight τ is called normal if τ : M + → C is continuous with respect to the weak * -topology. τ is faithful if for every a ∈ M + , τ (a * a) = 0 implies a = 0. τ is said to be finite if τ (I) < ∞, and semifinite if for any x ∈ M + , x = 0, there is a y ∈ M + , y = 0 such that τ (y) < ∞ and y ≤ x. A von Neumann algebra M is called semifinite if a faithful, normal semifinite τ exists.
The following lemma is well known. (1) There exists a family {e j } j∈J of orthogonal projections in M such that (i) j e j converges to I in weak * -topology and
Proof. It is not hard to see that (2) follows from (1). For the purpose of completeness, we sketch the proof of (1) here. Actually, we need only to show that every nonzero projection e in M contains a nonzero subprojectionẽ such that τ (ẽ) < ∞. Then the rest follows directly from Zorn's lemma.
Let e be a nonzero projection in M. Since τ is semifinite, then is a y ∈ M + , y = 0 such that τ (y) < ∞ and y ≤ f . Therefore, there exist a positive number λ > 0 and a nonzero spectral projectionẽ of y in M such that λẽ ≤ y. Henceẽ is a non-zero subprojection of e such that τ (ẽ) < ∞.
L
p -spaces of semifinite von Neumann algebras. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight τ . We let I = span{MeM : e = e * = e 2 ∈ M with τ (e) < ∞} be the set of elementary operators in M (see Definition 3.1 in [33] ). Then I is a two-sided ideal of M. For each 0 < p < ∞, we define a mapping · p : I → [0, ∞) as follows
It is a highly trivial fact that · p is a norm on I for 1 ≤ p < ∞, and a p-norm on I for 0 < p < 
under the weak * -topology.
The following two lemmas are well known.
Lemma 2.5. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight τ . The following are true.
(1) (Hölder's Inequality) For 0 < p, q, r ≤ ∞ with 1/p + 1/q = 1/r, we have
where the duality between
Proof. See [13] .
Lemma 2.6. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight τ and 0 < p < ∞. If {e λ } λ∈Λ is a net of projections in M such that such that e λ → I in the weak * -topology, then for every
Proof. For the purpose of completeness, we include a proof here. Notice that the set I of elementary operators of M is dense in L p (M, τ ) (see Definition 2.3) and
Because of Lemma 2.5, it suffices to show that, for all a, b ∈ M and a projection f in M with τ (f ) < ∞, we have lim λ e λ (af b) − af b p = 0 and lim λ (af b)e λ − af b p = 0.
Assume that 0 < p < 2. Let q be a positive number such that 1/p = 1/2 + 1/q. We have
Observe that e λ → I in weak * -topology and af a
This ends the proof of the lemma. 
In this case, A will also be denoted by
Remark 2.8. It was shown in [38] and [21] that such a subalgebra H ∞ with respect to (M, Φ) is maximal among semifinite subdigonal subalgebras satisfying (1) , (2) , (3) and (4) . From this fact, it follows that
Remark 2.9. Following notation from Definition 2.7, we know that the conditional expec- [38] or [5] ). Such extended projection will still be denoted by Φ. Moreover,
Notation 2.10. We will let
The next result follows directly from Definition 2.7 and can be found in Lemma 3.1 of [5] . 
p (M, τ ) with 0 < p < ∞ and for every e ∈ D with 0 < τ (e) < ∞, there exist an h 1 , h 3 ∈ eH ∞ e and an h 2 , h 4 ∈ eH p e such that:
< ∞, we know that eMe is a finite von Neumann algebra with a faithful normal tracial state
τ . And, from Lemma 2.11, it follows that eH ∞ e is a finite subdigonal subalgebra of eMe with [eH
τ ). From Theorem 3.1 in [3] , there exist a unitary v in eMe, an h 1 ∈ eH ∞ e and an h 2 ∈ eH p e such that (i) h 1 h 2 = e = h 2 h 1 , and (ii a ) w = vh 1 . Now from (ii a ) we have
Hence, from (ii b ) and the fact that u 1 is a partial isometry in M, we obtain that (ii) h 1 ex = h 1 |x * e|u 1 ∈ M. The proof for the existence of h 3 and h 4 is similar. This ends the proof of the lemma.
The following lemma is also useful. 
Proof. Since H ∞ is a semifinite subdiagonal subalgebra of M, the restriction of τ on D is semifinite. By Lemma 2.2, there exists a net {e λ } λ∈Λ of projections in D such that e λ → I in the weak * -topology of D and τ (e λ ) < ∞ for each λ ∈ Λ. Thus
i.e.
(i) e λ → I in the weak * -topology of M and τ (e λ ) < ∞ for each λ ∈ Λ.
From (i) and Lemma 2.6, we induce that This ends the proof of the lemma.
Now we recall the following definition for the row sum of subspaces in L p (M, τ ) for 0 < p ≤ ∞ as follows.
Definition 2.14. Let M be a von Neumann algebra with a semifinite, normal faithful, tracial weight τ and
Definition 2.15. Let M be a von Neumann algebra. Let X be a weak * -closed subspace of M. Then X is called an internal row sum of a family of weak*-closed subspaces {X i } i∈I of M, denoted by X = row i∈I X i , if (1) X j X * i = {0} for all distinct i, j ∈ I; and (2) the linear span of {X i : i ∈ I} is weak*-dense in X, i.e. X = span{X i : i ∈ I} w * . 
The proof of this result uses a similar idea as the one in [7] for finite von Neumann algebras. We will modify the argument in [7] to prove preceding result for the case of semifinite von Neumann algebras. First, we present a series of technical lemmas.
Some lemmas.
Following the notation above, we let M be a von Neumann algebra with a faithful, normal, semifinite tracial weight τ and H ∞ be a semifinite subdigonal subalgebra of M. Let D = H ∞ ∩ (H ∞ ) * be a von Neumann subalgebra of M and Φ : M → D a faithful normal conditional expectation. From Remark 2.9, we know that Φ can be extended to a positive contraction from
We find the following lemma is useful. 
Since H ∞ is a semifinite subdigonal subalgebra of M,
As L 1 (M, τ ) is the predual space of M, we must have x = 0.
Then the following are true.
Proof. (i):
It is equivalent to show that for every x, y ∈ X, yx
and thus
Thus, to prove that yx * ∈ L 1 (D, τ ), it is enough to show that yx * − Φ(yx * ) = 0. By Lemma 3.2 and the fact that yx
, we need only to prove that
We will proceed the proof according to the cases (1)
(as x, y are in X and z is in (
Thus dx ∈ X and X is a left D-module.
(iii): Assume x is an element in X. Let x = hu be the polar decomposition of x in L 2 (M, τ ), where u is a partial isometry in M and h = |x * | ∈ L 2 (M, τ ). From the result in (i), we know that h is in L 2 (D, τ ). Therefore uu * , as the range projection of h, is in D. This shows that (a) is true.
There exists a sequence {ξ n } n∈N in Dh such that ξ n → ξ in || · || 2 -norm. Then we have that ξ n u → ξu in || · || 2 -norm. From the fact that ξ n u ∈ [Dhu] 2 , we conclude that ξu ∈ [Dhu] 2 . Therefore, we have that 2), we conclude that
This ends the proof of part (b). The proof of (c) is similar to (b).
(iv) We may assume that X = 0. From the result in (iii) and Zorn's lemma, we may assume that there exists a maximal family {u λ } λ∈Λ of nonzero partial isometries in M with respect to (a 1 ) H 2 u λ ⊆ X for each λ ∈ Λ; (b) u λ u * λ is a projection in D; and (c) u λ u * µ = 0 for all λ, µ ∈ Λ with λ = µ. We will show that (a) X = ⊕ λ∈Λ H 2 u λ . In fact, from (a 1 ), we know that each H 2 u λ ⊆ X. Combining with (c), we conclude that {H 2 u λ } λ∈Λ is a family of orthogonal subspaces of X, whence ⊕ λ∈Λ H 2 u λ is a subspace of X. Now assume that X ⊖ (⊕ λ∈Λ H 2 u λ ) is not equal to 0. Pick a nonzero x in X ⊖ (⊕ λ∈Λ H 2 u λ ) and assume that x = hu is the polar decomposition of x in L 2 (M, τ ), where u is a nonzero partial isometry in M and h = |x * | ∈ L 2 (M, τ ). It follows from the result proved in (iii) that H 2 u ⊆ X and uu * is in D. By Lemma 2.13, there exists a net {e j } j∈J of projections in D such that such that e j → I in the weak * -topology and τ (e j ) < ∞ for each j ∈ J.
Let j ∈ J. Then by the choice of x, we get that H 2 u λ and x are orthogonal. So,
. By Lemma 3.2 we conclude that e j u λ x * = 0 for each j ∈ J.
by Lemma 2.6. Thus we have that u λ x * = u λ u * h = 0. The fact that the initial projection of u * is the range projection of h induces that u λ u * = 0. Therefore, u is a nonzero partial isometry in M such that H 2 u ⊆ X, uu * ∈ D, and u λ u * = 0 for each λ ∈ Λ. This contradicts the assumption that the family {u λ } λ∈Λ is maximal with respect to (a 1 ), (b) and (c). Therefore, X = ⊕ λ∈Λ H 2 u λ . This concludes the proof of part (iv).
Proof. (i) We will show that yx * = 0 for every y ∈ Y and x ∈ X.
. Assume y ∈ Y and x ∈ X. Then by Lemma 3.2, it suffices to show that
as y ∈ Y , and z * x ∈ H ∞ 0 X. Therefore, Y X * = 0, which ends the proof of (i).
(ii) From part (i), we know that Y X * = 0, whence
This ends the proof of (ii).
3.3. Proof of Theroem 3.1. We are ready to prove the main result in this section.
By Lemma 3.3, there exists a family {u λ } λ∈Λ of partial isometries in M such that
and ( ii) u λ u * λ is a projection in D, and u λ u * µ = 0 for all λ, µ ∈ Λ with λ = µ. By the choice of Y , we have
Moreover, from Lemma 3.4, we know that
This ends the proof of Theorem 3.1. 
Then the following statements are true.
Proof. (i) It is easily observed that
We will show that
Assume, to the contrary, that
= 1) such that ϕ(x) = 0 and ϕ(y) = 0 for every y ∈ K ∩ M. Equivalently, there exists a ξ ∈ L q (M, τ ) such that τ (xξ) = 0 and τ (yξ) = 0 for every y ∈ K ∩ M.
By Lemma 2.13, there exists a net {e λ } λ∈Λ of projections in D such that τ (e λ ) < ∞ for each λ ∈ Λ, and lim λ τ (e λ xξ) = τ (xξ). So, we can always assume that there exists a projection e in D with 0 < τ (e) < ∞ such that τ (exξ) = 0 and τ (eyξ) = 0 for every y ∈ K (as K is H ∞ -invariant and e ∈ D ⊆ H ∞ ). Now we claim that ξe ∈ L 1 (M, τ ), as ||ξe|| 1 ≤ ||ξ|| q ||e|| p < ∞. 13, there exists a net {e λ } λ∈Λ of projections in D such that τ (e λ ) < ∞ for each λ ∈ Λ, and lim λ τ (e λ xξ) = τ (xξ). So, we may always assume that there exists a projection e in D with 0 < τ (e) < ∞ such that (a) τ (exξ) = 0; and (b) τ (eyξ) = 0 for every y ∈ K ∩ M (as K is H ∞ -invariant, and e ∈ D ⊆ H ∞ ).
Since x ∈ L p (M, τ ) and e is a projection in D such that τ (e) < ∞, by Lemma 2.12, there exists a h 1 ∈ eH ∞ e, and h 2 ∈ eH p e such that h 1 ex ∈ M and h 1 h 2 = h 2 h 1 = e. From the fact that h 2 ∈ eH p e, there exists a sequence {a n } n∈N in eH ∞ e such that lim n→∞ a n − h 2 p = 0. Therefore lim n→∞ |τ (a n h 1 exξ) − τ (exξ)| = lim n→∞ |τ (a n h 1 exξ) − τ (h 2 h 1 exξ)| ≤ lim n→∞ a n − h 2 p h 1 ex ξ q = 0. On the other hand, since a n , h 1 and e are in H ∞ and h 1 ex ∈ M, we know that a n h 1 ex ∈ K ∩ M. From assumption (b), it follows that τ (a n h 1 exξ) = 0 for all n ≥ 1. Therefore τ (exξ) = 0, which contradicts the assumption (a) that τ (xξe) = 0. This ends the proof of part (ii). 
Proof. First, we show that
Let x be an element in K ⊆ M. By Lemma 2.13, there exists a net {e λ } λ∈Λ of projections in D such that such that e λ → I in the weak* topology and τ (e λ ) < ∞ for each λ ∈ Λ. By Lemma 2.1, e λ x → x in the weak* topology.
Since K ⊆ M is left H ∞ -invariant and x ∈ K, we have e λ x ∈ K. Moreover,
Since K is weak * -closed, it suffices to show that
Thus, by the Hahn-Banach theorem, there exists a weak* continuous linear functional ϕ on M such that ϕ(x) = 0 and ϕ(y) = 0 for every y ∈ K. Or, there exists a ξ ∈ L 1 (M, τ ) such that (a) τ (xξ) = 0; and (b) τ (yξ) = 0 for every y ∈ K. By Lemma 2.13, there exists a net {e λ } λ∈Λ of projections in D such that τ (e λ ) < ∞ for each λ ∈ Λ and lim λ τ (e λ xξ) = τ (xξ). So we may always assume that there exists a projection e in D with 0 < τ (e) < ∞ such that (a 1 ) τ (exξ) = 0; and (b 1 ) τ (eyξ) = 0 for every y ∈ K (as K is H ∞ -invariant and e ∈ D ⊆ H ∞ ).
We claim there exists a z = ze ∈ Me such that (a 2 ) τ (xz) = 0; and (b 2 ) τ (yz) = 0 for every y ∈ K. Observe that ξ is in L 1 (M, τ ), and e is a projection in D such that τ (e) < ∞. From Lemma 2.12, there exist h 3 ∈ eH ∞ e and h 4 ∈ eH 1 e such that ξeh 3 ∈ eMe and h 3 h 4 = e. Thus there exists a sequence {k n } n∈N of elements in eH ∞ e such that lim n→∞ k n − h 4 1 = 0. It follows that
Combining this with (a 1 ), we know that there exists an N ∈ N such that τ (xξeh
where q satisfies 1/p + 1/q = 1. On the other hand, since
Combining with inequality (4.1), we have
This contradicts the assumption in (a 2 ) that τ (xz) = 0. Therefore,
Proof. (i) can be verified directly. (ii) follows from Proposition 4.2 and (i).

Proposition 4.4. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial weight τ and let H
∞ be a semifinite subdigonal subalgebra of M. Assume that S ⊆ M is a subspace such that
Proof. It suffices to show that
. By Lemma 2.13, there exists a net {e λ } λ∈Λ of projections in D such that e λ → I in the weak* topology and τ (e λ ) < ∞ for each λ ∈ Λ. By Lemma 2.6, lim λ e λ x−x p = 0.
By Proposition 4.1, we have
, there exists a net {x j } j∈J in S such that x j → x in weak * topology. By Lemma 2.1, e λ x j → e λ x in weak * topology for each λ. Note that e λ x j p ≤ e λ p x j and
Theorem 4.5. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial weight τ , and H
∞ be a semifinite subdigonal subalgebra of M.
Then there exist a weak* closed subspace Y of M and a family {u
Here ⊕ row is the row sum of subspaces defined in Definition 2.15. 
Thus, from (c), we have
Now, we are able to conclude that
By Proposition 4.2, it suffices to show that
. Moreover, for each λ ∈ Λ, by Lemma 4.3, we have
. We want to show that
Notice X is weak*-closed and
Or, equivalently, we may show Y 1 and
. By Proposition 4.1, we have
Thus
By Lemma 4.3,
Hence, from (4.7) and (4.
Now, combining (4.6) and (4.9), we have Next, we use our result for p = ∞ and the density theorem to prove the case when 1 ≤ p < ∞. 
(iv) There is only left to show that
By the definition of Y , we have
And from Lemma 4.3, we have
Now, we have
(by the definition of row sum of subspaces) 
Proof. (i) We need only to show that
We will show that x ∈ K. By Lemma 2.13, there exists a net {e λ } λ∈Λ of projections in D such that such that τ (e λ ) < ∞ for each λ ∈ Λ and lim λ e λ x − x p = 0. To show that x ∈ K, it is enough to prove that e λ x ∈ K for each λ ∈ Λ.
As
Thus, for each λ ∈ Λ and some positive number q with 1 2
Here, we used the fact that τ (e λ ) < ∞ and e λ q < ∞. Since H ∞ K ⊆ K and e λ ∈ D, we know that e λ x n ∈ K. This implies that e λ x ∈ K for each λ ∈ Λ. Thus x ∈ K, whence
(ii) We need only to show that
By Lemma 2.13, we can find a net {e λ } λ∈Λ of projections in D such that lim λ e λ x − x 2 = 0 and τ (e λ ) < ∞ for each
Note that x ∈ L p (M, τ ) and τ (e λ ) < ∞. By Lemma 2.12, there exist h 1 ∈ e λ H ∞ e λ and h 2 ∈ e λ H p e λ such that (a) h 1 h 2 = h 2 h 1 = e λ and (b) h 1 e λ x ∈ M. Since h 2 ∈ e λ H p e λ , there exists a sequence {k n } n∈N in e λ H ∞ e λ such that lim n→∞ k n − h 2 p = 0. Thus
It is not hard to check that k n h 1 e λ x ∈ K. Moreover, since each k n ∈ e λ H ∞ e λ , we have
By Lemma 2.13, we can find a net {e λ } λ∈Λ of projections in D such that e λ → I in weak * -topology and τ (e λ ) < ∞ for each λ ∈ Λ. By Lemma 2.6, we have
Then, for some positive number q with 1/p = 1/2 + 1/q, we have
We have only to show that
And from Lemma 5.3, we have
e n (m) = δ(n, m). We also denote by λ : Z → B(l 2 (Z)) the left regular representation of Z on l 2 (Z), i.e. each λ(n) is determined by λ(n)(e m ) = e m+n .
Let [19] ) that l ∞ (Z) ⋊ α Z is a type I ∞ factor. Thus l ∞ (Z) ⋊ α Z ≃ B(H) for some separable Hilbert space H. Following the notation in Section 6.1, our next result characterizes invariant subspaces in a crossed product of a semifinite von Neumann algebra M by a tracing-preserving action α. 
It is not hard to verify (for example see Proposition 8.6.4 in
